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Abstract
Biconfluent Heun (BCH) function, a confluent form of Heun function[1, 2], is the special case
of Grand Confluent Hypergeometric (GCH) function1: this has a regular singularity at x = 0, and
an irregular singularity at ∞ of rank 2.
In this paper I apply three term recurrence formula (3TRF) [18] to the integral formalism
of GCH function including all higher terms of An’s and the generating function for the GCH
polynomial which makes Bn term terminated. I show how to transform power series expansion
in closed forms of GCH equation to its integral representation analytically.
This paper is 10th out of 10 in series “Special functions and three term recurrence formula
(3TRF)”. See section 6 for all the papers in the series. The previous paper in the series describes
the power series expansion in closed forms of GCH equation and its asymtotic behaviours[25].
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1. Introduction
x
d2y
dx2
+
(
µx2 + εx + ν
) dy
dx +
(Ωx + εω) y = 0 (1)
(1) is Grand Confluent Hypergeometric (GCH) differential equation where µ, ε, ν, Ω and ω are
real or imaginary parameters [17, 25]. GCH ordinary differential equation is of Fuchsian types
with the one regular and one irregular singularities. In contrast, Heun equation of Fuchsian
types has the four regular singularities. Heun equation has the four kind of confluent forms: (1)
Confluent Heun (two regular and one irregular singularities), (2) Doubly confluent Heun (two
irregular singularities), (3) Biconfluent Heun (one regular and one irregular singularities), (4)
1For the canonical form of BCH equation [2], replace µ, ε, ν, Ω and ω by −2, −β, 1+α, γ−α−2 and 1/2(δ/β+1+α)
in (1). For DLFM version [15] or in ref.[16], replace µ and ω by 1 and −q/ε in (1).
Email address: ychoun@gc.cuny.edu; Yoon.Choun@baruh.cuny.edu; ychoun@gmail.com (Yoon Seok
Choun)
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Triconfluent Heun equations (one irregular singularity). BCH equation is derived from the GCH
equation by changing all coefficients.[2]
In previous paper I construct analytic solutions of GCH function for all higher terms of An’s
[25] by applying three term recurrence formula.[18]; for power series expansions of infinite series
and polynomial, its asymptotic behaviors and boundary conditions for an independent variable
x.
In this paper I consider an integral form of GCH function and the generating function for the
GCH polynomial which makes Bn term terminated. Since the integral form of GCH function is
constructed, the GCH function is able to be transformed to other well-known special functions
analytically such as Bessel, Kummer and Hypergeometric functions, etc.
I already obtained approximative normalized wave function of the spin free Hamiltonian
involving only scalar potential for the q − q¯ system up to first order of extremely small mass of
quark[17]. According to this paper we might be possible to obtain the analytic normalized wave
function from the generating function for the GCH polynomial.
This new wave function has infinite eigenvalues [17]. Because a GCH differential equation
consists of three recursive coefficients[18]. In contrast any differential equations having two
recursive coefficients have only one eigenvalue; i.e. the wave function for hydrogen-like atom.
We can apply GCH function into modern physics [3, 4, 5, 6, 7]. Section 4 contain three
additional examples using power series expansion in closed forms and its integral form of GCH
function.
2. Integral formalism
2.1. Polynomial which makes Bn term terminated
In this article Pochhammer symbol (x)n is used to represent the rising factorial: (x)n = Γ(x+n)Γ(x) .
There is a generalized hypergeometric function which is written by
I j =
β j∑
i j=i j−1
(−β j)i j (1 + j2 + λ2 )i j−1 ( j2 + γ + λ2 )i j−1
(−β j)i j−1 (1 + j2 + λ2 )i j ( j2 + γ + λ2 )i j
zi j
= zi j−1
∞∑
l=0
B(i j−1 + j2 + λ2 , l + 1)B(i j−1 − 1 + γ + j2 + λ2 , l + 1)(−β j + i j−1)l
(i j−1 + j2 + λ2 )−1(i j−1 − 1 + γ + j2 + λ2 )−1(1)l l!
zl (2)
By using integral form of beta function,
B
(
i j−1 +
j
2
+
λ
2
, l + 1
)
=
∫ 1
0
dt j t
i j−1+ j2−1+ λ2
j (1 − t j)l (3a)
B
(
i j−1 + γ − 1 +
j
2
+
λ
2
, l + 1
)
=
∫ 1
0
du j u
i j−1+γ−2+ j2+ λ2
j (1 − u j)l (3b)
Substitute (3a) and (3b) into (2), and divide (i j−1 + j2 + λ2 )(i j−1 − 1 + γ + j2 + λ2 ) into the new (2).
1
(i j−1 + j2 + λ2 )(i j−1 − 1 + γ + j2 + λ2 )
β j∑
i j=i j−1
(−β j)i j (1 + j2 + λ2 )i j−1 ( j2 + γ + λ2 )i j−1
(−β j)i j−1 (1 + j2 + λ2 )i j( j2 + γ + λ2 )i j
zi j
=
∫ 1
0
dt j t
j
2−1+ λ2
j
∫ 1
0
du j u
γ−2+ j2+ λ2
j (zt ju j)i j−1
∞∑
l=0
(−(β j − i j−1))l
(1)l l! [z(1 − t j)(1 − u j)]
l (4)
2
Confluent hypergeometric polynomial of the first kind is defined by
Fβ0 (γ; z) =
Γ(β0 + γ)
Γ(γ)
∞∑
n=0
(−β0)n
(γ)n n!z
n =
β0!
2πi
∮
dv
exp
(
− zv(1−v)
)
vβ0+1(1 − v)γ (5)
Replace β0, γ, v and z by β j − i j−1, 1, v j and z(1− t j)(1− u j) in (5), and divide Γ(β j + 1− i j−1) on
the new (5).
Fβ j−i j−1
(
γ = 1; z(1 − t j)(1 − u j)
)
Γ(β j + 1 − i j−1) =
1
2πi
∮
dv j
exp
(
− v j(1−v j) z(1 − t j)(1 − u j)
)
v
β j+1−i j−1
j (1 − v j)
=
∞∑
l=0
(−(β j − i j−1))l
(1)l l! [z(1 − t j)(1 − u j)]
l (6)
Substitute (6) into (4).
K j =
1
(i j−1 + j2 + λ2 )(i j−1 − 1 + γ + j2 + λ2 )
β j∑
i j=i j−1
(−β j)i j (1 + j2 + λ2 )i j−1 ( j2 + γ + λ2 )i j−1
(−β j)i j−1 (1 + j2 + λ2 )i j ( j2 + γ + λ2 )i j
zi j
=
∫ 1
0
dt j t
j
2−1+ λ2
j
∫ 1
0
du j u
γ−2+ j2+ λ2
j
1
2πi
∮
dv j
exp
(
− v j(1−v j) z(1 − t j)(1 − u j)
)
v
β j+1
j (1 − v j)
(zt ju jv j)i j−1 (7)
In Ref.[25] the general expression of power series of GCH equation for polynomial which makes
Bn term terminated is given by; λ is indicial roots which are 0 or 1 − ν
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ β0∑
i0=0
(−β0)i0
(1 + λ2 )i0(γ + λ2 )i0
zi0 +
{ β0∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
×
β1∑
i1=i0
(−β1)i1 ( 32 + λ2 )i0 (γ + 12 + λ2 )i0
(−β1)i0 ( 32 + λ2 )i1 (γ + 12 + λ2 )i1
zi1
}
ε˜
+
∞∑
N=2
{ β0∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
×
n−1∏
k=1
{ βk∑
ik=ik−1
(ik + λ2 + ω2 + k2 )
(ik + 12 + λ2 + k2 )(ik − 12 + γ + k2 + λ2 )
(−βk)ik (1 + k2 + λ2 )ik−1 ( k2 + γ + λ2 )ik−1
(−βk)ik−1 (1 + k2 + λ2 )ik ( k2 + γ + λ2 )ik
}
×
βn∑
in=in−1
(−βn)in (1 + n2 + λ2 )in−1 ( n2 + γ + λ2 )in−1
(−βn)in−1 (1 + n2 + λ2 )in ( n2 + γ + λ2 )in
zin
}
ε˜n
}
(8)
3
where 
z = − 12µx2
ε˜ = − 12εx
γ = 12 (1 + ν)
Ω = −µ(2βi + i + λ) as i = 0, 1, 2, · · · and βi = 0, 1, 2, · · ·
As i ≤ j → βi ≤ β j
Substitute (7) into (8) where j = 1, 2, 3, · · · ; apply K1 into the second summation of sub-power
series y1(x), apply K2 into the third summation and K1 into the second summation of sub-power
series y2(x), apply K3 into the forth summation, K2 into the third summation and K1 into the
second summation of sub-power series y3(x), etc.2
Theorem 1. The general expression of the integral representation of the GCH polynomial which
makes Bn term terminated is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ

β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
zi0 +
∞∑
n=1
{ n−1∏
j=0
{∫ 1
0
dtn− j t
1
2 (n− j)−1+ λ2
n− j
∫ 1
0
dun− j u
γ+ 12 (n− j)−2+ λ2
n− j
× 1
2πi
∮
dvn− j
exp
(
− vn− j(1−vn− j) wn− j+1,n(1 − tn− j)(1 − un− j)
)
v
βn− j+1
n− j (1 − vn− j)
(
wn− j,n∂wn− j,n +
1
2
(
n − j − 1 + ω + λ
)) }
×
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
w
i0
1,n
}
ε˜n
 (9)
where
wa,b =

z
b∏
l=a
tlulvl where a ≤ b
z only if a > b
Proof of Theorem. In (8) sub-power series y0(x), y1(x), y2(x) and y3(x) of the GCH polynomial
which makes Bn term terminated are given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · · (10)
where
y0(x) = c0xλ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
zi0 (11a)
2y1(x) means the sub-power series in (8) contains one term of A′ns, y2(x) means the sub-power series in (8) contains
two terms of A′ns, y3(x) means the sub-power series in (8) contains three terms of A′ns, etc.
4
y1(x) = c0xλ
{ β0∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
×
β1∑
i1=i0
(−β1)i1 ( 32 + λ2 )i0 (γ + 12 + λ2 )i0
(−β1)i0 ( 32 + λ2 )i1 (γ + 12 + λ2 )i1
zi1
}
ε˜ (11b)
y2(x) = c0xλ
{ β0∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
×
β1∑
i1=i0
(i1 + 12 + λ2 + ω2 )
(i1 + 1 + λ2 )(i1 + γ + λ2 )
(−β1)i1 ( 32 + λ2 )i0 (γ + 12 + λ2 )i0
(−β1)i0 ( 32 + λ2 )i1 (γ + 12 + λ2 )i1
×
β2∑
i2=i1
(−β2)i2 (2 + λ2 )i1 (γ + 1 + λ2 )i1
(−β2)i1 (2 + λ2 )i2 (γ + 1 + λ2 )i2
zi2
}
ε˜2 (11c)
y3(x) = c0xλ
{ β0∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
×
β1∑
i1=i0
(i1 + 12 + λ2 + ω2 )
(i1 + 1 + λ2 )(i1 + γ + λ2 )
(−β1)i1 ( 32 + λ2 )i0 (γ + 12 + λ2 )i0
(−β1)i0 ( 32 + λ2 )i1 (γ + 12 + λ2 )i1
×
β2∑
i2=i1
(i2 + 1 + λ2 + ω2 )
(i2 + 32 + λ2 )(i2 + 12 + γ + λ2 )
(−β2)i2(2 + λ2 )i1 (γ + 1 + λ2 )i1
(−β2)i1(2 + λ2 )i2 (γ + 1 + λ2 )i2
×
β3∑
i3=i2
(−β3)i3 ( 52 + λ2 )i2 (γ + 32 + λ2 )i2
(−β3)i2 ( 52 + λ2 )i3 (γ + 32 + λ2 )i3
zi3
}
ε˜3 (11d)
Put j = 1 in (7). Take the new (7) into (11b).
y1(x) = c0xλ
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) z(1 − t1)(1 − u1)
)
v
β1+1
1 (1 − v1)
×

β0∑
i0=0
(
i0 +
ω
2
+
λ
2
) (−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
(zt1u1v1)i0
 ε˜
= c0x
λ
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) z(1 − t1)(1 − u1)
)
v
β1+1
1 (1 − v1)
(
w1,1∂w1,1 +
(
ω
2
+
λ
2
))
×

β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
wi01,1
 ε˜ (12)
where w1,1 = z
1∏
l=1
tlulvl
5
Put j = 2 in (7). Take the new (7) into (11c).
y2(x) = c0xλ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
1
2πi
∮
dv2
exp
(
− v2(1−v2) z(1 − t2)(1 − u2)
)
v
β2+1
2 (1 − v2)
(
w2,2∂w2,2 +
(1
2
+
λ
2
+
ω
2
))
×
{ β0∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
×
β1∑
i1=i0
(−β1)i1 ( 32 + λ2 )i0 (γ + 12 + λ2 )i0
(−β1)i0 ( 32 + λ2 )i1 (γ + 12 + λ2 )i1
wi12,2
}
ε˜2 (13)
where w2,2 = z
2∏
l=2
tlulvl
Put j = 1 and z =←→w 2,2 in (7). Take the new (7) into (13).
y2(x) = c0xλ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
1
2πi
∮
dv2
exp
(
− v2(1−v2) z(1 − t2)(1 − u2)
)
v
β2+1
2 (1 − v2)
(
w2,2∂w2,2 +
(1
2
+
λ
2
+
ω
2
))
×
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w2,2(1 − t1)(1 − u1)
)
v
β1+1
1 (1 − v1)
(
w1,2∂w1,2 +
(λ
2
+
ω
2
))
×
{ β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
w
i0
1,2
}
ε˜2 (14)
where w1,2 = z
2∏
l=1
tlulvl
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the integral
form of sub-power series expansion of y3(x) is
y3(x) = c0xλ
∫ 1
0
dt3 t
1
2+
λ
2
3
∫ 1
0
du3 u
γ− 12+ λ2
3
1
2πi
∮
dv3
exp
(
− v3(1−v3) z(1 − t3)(1 − u3)
)
v
β3+1
3 (1 − v3)
(
w3,3∂w3,3 +
(
1 +
λ
2
+
ω
2
))
×
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
1
2πi
∮
dv2
exp
(
− v2(1−v2) w3,3(1 − t2)(1 − u2)
)
v
β2+1
2 (1 − v2)
(
w2,3∂w2,3 +
(1
2
+
λ
2
+
ω
2
))
×
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w2,3(1 − t1)(1 − u1)
)
v
β1+1
1 (1 − v1)
(
w1,3∂w1,3 +
(λ
2
+
ω
2
))
×
{ β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
w
i0
1,3
}
ε˜3 (15)
6
where 
w3,3 = z
3∏
l=3
tlulvl
w2,3 = z
3∏
l=2
tlulvl
w1,3 = z
3∏
l=1
tlulvl
By repeating this process for all higher terms of integral forms of sub-summation ym(x) terms
where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute (11a), (12),
(14), (15) and including all integral forms of ym(x) terms where m ≥ 4 into (10), we obtain (9).

Let λ = 0 and c0 = Γ(β0+γ)Γ(γ) in (9). Apply (5) into the new (9).
Remark 1. The integral representation of GCH equation of the first kind for polynomial which
makes Bn term terminated about x = 0 as Ω = −2µ(βi + i2 ) where i, βi = 0, 1, 2, · · · is
y(x) = QWβi
(
βi = −
Ω
2µ
− i
2
, γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
= Fβ0 (γ; z) +
∞∑
n=1
{ n−1∏
j=0
{∫ 1
0
dtn− j t
1
2 (n− j)−1
n− j
∫ 1
0
dun− j u
γ+ 12 (n− j)−2
n− j
× 1
2πi
∮
dvn− j
exp
(
− vn− j(1−vn− j) wn− j+1,n(1 − tn− j)(1 − un− j)
)
v
βn− j+1
n− j (1 − vn− j)
×
(
wn− j,n∂wn− j,n +
1
2
(
n − j − 1 + ω
))
Fβ0(γ; w1,n)
}}
ε˜n (16)
Confluent hypergeometric polynomial of the second kind is defined by
Aψ0 (γ; z) =
Γ(ψ0 + 2 − γ)
Γ(2 − γ)
ψ0∑
n=0
(−ψ0)n
n! (2 − γ)n z
n =
ψ0!
2πi
∮
dv0
exp
(
− zv0(1−v0)
)
v
ψ0+1
0 (1 − v0)2−γ
(17)
Put c0 =
(
− 12µ
)1−γ Γ(ψ0+2−γ)
Γ(2−γ) as λ = 1 − ν = 2(1 − γ) on (9) with replacing βi by ψi. apply (17)
into the new (9).
Remark 2. The integral representation of GCH equation of the second kind for polynomial
which makes Bn term terminated about x = 0 as Ω = −2µ(ψi +1−γ+ i2 ) where i, ψi = 0, 1, 2, · · ·
7
is
y(x) = RWψi
(
ψi = −
Ω
2µ
+ γ − 1 − i
2
, γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
= z1−γ
{
Aψ0 (γ; z) +
∞∑
n=1
{ n−1∏
j=0
{∫ 1
0
dtn− j t
1
2 (n− j)−γ
n− j
∫ 1
0
dun− j u
1
2 (n− j)−1
n− j
× 1
2πi
∮
dvn− j
exp
(
− vn− j(1−vn− j) wn− j+1,n(1 − tn− j)(1 − un− j)
)
v
ψn− j+1
n− j (1 − vn− j)
×
(
wn− j,n∂wn− j,n +
1
2
(
n − j + 1 − 2γ + ω
))
Aψ0 (γ; w1,n)
}}
ε˜n
}
(18)
2.2. Infinite series
Theorem 2. The general expression of the integral representation of GCH equation for infinite
series is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
( Ω2µ + λ2 )i0
(1 + λ2 )i0 (γ + λ2 )i0
zi0
+
∞∑
n=1
{ n−1∏
j=0
{∫ 1
0
dtn− j t
1
2 (n− j)−1+ λ2
n− j
∫ 1
0
dun− j u
γ+ 12 (n− j)−2+ λ2
n− j
× 1
2πi
∮
dvn− j
exp
(
− vn− j(1−vn− j) wn− j+1,n(1 − tn− j)(1 − un− j)
)
v
−( Ω2µ+ n− j2 + λ2 )+1
n− j (1 − vn− j)
×
(
wn− j,n∂wn− j,n +
1
2
(
n − j − 1 + ω + λ
)) } ∞∑
i0=0
( Ω2µ + λ2 )i0
(1 + λ2 )i0(γ + λ2 )i0
w
i0
1,n
}
ε˜n
}
(19)
Proof of Theorem. There is a generalized hypergeometric function which is written by
L j =
∞∑
i j=i j−1
(
Ω
2µ +
j
2 +
λ
2
)
i j
(1 + j2 + λ2 )i j−1 ( j2 + γ + λ2 )i j−1(
Ω
2µ +
j
2 +
λ
2
)
i j−1
(1 + j2 + λ2 )i j ( j2 + γ + λ2 )i j
zi j
= zi j−1
∞∑
l=0
B(i j−1 + j2 + λ2 , l + 1)B(i j−1 − 1 + γ + j2 + λ2 , l + 1)
(
Ω
2µ +
j
2 +
λ
2 + i j−1
)
l
(i j−1 + j2 + λ2 )−1(i j−1 − 1 + γ + j2 + λ2 )−1(1)l l!
zl (20)
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Substitute (3a) and (3b) into (20), and divide (i j−1 + j2 + λ2 )(i j−1−1+γ+ j2 + λ2 ) into the new (20).
1
(i j−1 + j2 + λ2 )(i j−1 − 1 + γ + j2 + λ2 )
∞∑
i j=i j−1
(
Ω
2µ +
j
2 +
λ
2
)
i j
(1 + j2 + λ2 )i j−1 ( j2 + γ + λ2 )i j−1(
Ω
2µ +
j
2 +
λ
2
)
i j−1
(1 + j2 + λ2 )i j ( j2 + γ + λ2 )i j
zi j
=
∫ 1
0
dt j t
j
2−1+ λ2
j
∫ 1
0
du j u
γ−2+ j2+ λ2
j (zt ju j)i j−1
∞∑
l=0
(
Ω
2µ +
j
2 +
λ
2 + i j−1
)
l
(1)l l! [z(1 − t j)(1 − u j)]
l (21)
Kummer function of the first kind is defined by
M(a, b, z) =
∞∑
n=0
(a)n
(b)nn!z
n = ezM(b − a, b,−z)
= − 1
2πi
Γ (1 − a)Γ (b)
Γ (b − a)
∮
dv j ezv j(−v j)a−1
(
1 − v j
)b−a−1
=
Γ (a)
2πi
∮
dv j ev j v−bj
(
1 − z
v j
)−a
=
1
2πi
Γ (1 − a)Γ (b)
Γ (b − a)
∮
dv j e
− zv j1−v j va−1j
(
1 − v j
)−b (22)
Replace a, b and z by Ω2µ +
j
2 +
λ
2 + i j−1, 1 and z(1 − t j)(1 − u j) in (22). Take the new (22) into(21).
Q j = 1(i j−1 + j2 + λ2 )(i j−1 − 1 + γ + j2 + λ2 )
∞∑
i j=i j−1
(
Ω
2µ +
j
2 +
λ
2
)
i j
(1 + j2 + λ2 )i j−1 ( j2 + γ + λ2 )i j−1(
Ω
2µ +
j
2 +
λ
2
)
i j−1
(1 + j2 + λ2 )i j ( j2 + γ + λ2 )i j
zi j
=
∫ 1
0
dt j t
j
2−1+ λ2
j
∫ 1
0
du j u
γ−2+ j2+ λ2
j
1
2πi
∮
dv j
exp
(
− v j(1−v j) z(1 − t j)(1 − u j)
)
v
−
(
Ω
2µ+
j
2+
λ
2
)
+1
j (1 − v j)
(zt ju jv j)i j−1 (23)
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In Ref.[25] the general expression of power series of GCH equation for infinite series is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0x
λ
{ ∞∑
i0=0
( Ω2µ + λ2 )i0
(1 + λ2 )i0(γ + λ2 )i0
zi0 +
{ ∞∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
( Ω2µ + λ2 )i0
(1 + λ2 )i0 (γ + λ2 )i0
×
∞∑
i1=i0
( Ω2µ + 12 + λ2 )i1 ( 32 + λ2 )i0 (γ + 12 + λ2 )i0
( Ω2µ + 12 + λ2 )i0 ( 32 + λ2 )i1 (γ + 12 + λ2 )i1
zi1
}
ε˜
+
∞∑
n=2
{ ∞∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
( Ω2µ + λ2 )i0
(1 + λ2 )i0 (γ + λ2 )i0
×
n−1∏
k=1
{ ∞∑
ik=ik−1
(ik + λ2 + ω2 + k2 )
(ik + 12 + λ2 + k2 )(ik − 12 + γ + k2 + λ2 )
( Ω2µ + k2 + λ2 )ik (1 + k2 + λ2 )ik−1 ( k2 + γ + λ2 )ik−1
( Ω2µ + k2 + λ2 )ik−1 (1 + k2 + λ2 )ik ( k2 + γ + λ2 )ik
}
×
∞∑
in=in−1
( Ω2µ + n2 + λ2 )in (1 + n2 + λ2 )in−1 ( n2 + γ + λ2 )in−1
( Ω2µ + n2 + λ2 )in−1 (1 + n2 + λ2 )in ( n2 + γ + λ2 )in
zin
}
ε˜n
}
(24)
In (24) sub-power series y0(x), y1(x), y2(x) and y3(x) of the GCH equation for infinite series using
3TRF about x = 0 are
y0(x) = c0xλ
∞∑
i0=0
(
Ω
2µ +
λ
2
)
i0
(1 + λ2 )i0 (γ + λ2 )i0
zi0 (25a)
y1(x) = c0xλ
{ ∞∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(
Ω
2µ +
λ
2
)
i0
(1 + λ2 )i0 (γ + λ2 )i0
×
∞∑
i1=i0
(
Ω
2µ +
1
2 +
λ
2
)
i1
( 32 + λ2 )i0(γ + 12 + λ2 )i0(
Ω
2µ +
1
2 +
λ
2
)
i0
( 32 + λ2 )i1(γ + 12 + λ2 )i1
zi1
}
ε˜ (25b)
y2(x) = c0xλ
{ ∞∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(
Ω
2µ +
λ
2
)
i0
(1 + λ2 )i0 (γ + λ2 )i0
×
∞∑
i1=i0
(i1 + 12 + λ2 + ω2 )
(i1 + 1 + λ2 )(i1 + γ + λ2 )
(
Ω
2µ +
1
2 +
λ
2
)
i1
( 32 + λ2 )i0 (γ + 12 + λ2 )i0(
Ω
2µ +
1
2 +
λ
2
)
i0
( 32 + λ2 )i1 (γ + 12 + λ2 )i1
×
∞∑
i2=i1
(
Ω
2µ + 1 +
λ
2
)
i2
(2 + λ2 )i1 (γ + 1 + λ2 )i1(
Ω
2µ + 1 +
λ
2
)
i1
(2 + λ2 )i2 (γ + 1 + λ2 )i2
zi2
}
ε˜2 (25c)
10
y3(x) = c0 xλ
{ ∞∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(
Ω
2µ +
λ
2
)
i0
(1 + λ2 )i0(γ + λ2 )i0
×
∞∑
i1=i0
(i1 + 12 + λ2 + ω2 )
(i1 + 1 + λ2 )(i1 + γ + λ2 )
(
Ω
2µ +
1
2 +
λ
2
)
i1
( 32 + λ2 )i0 (γ + 12 + λ2 )i0(
Ω
2µ +
1
2 +
λ
2
)
i0
( 32 + λ2 )i1 (γ + 12 + λ2 )i1
×
∞∑
i2=i1
(i2 + 1 + λ2 + ω2 )
(i2 + 32 + λ2 )(i2 + 12 + γ + λ2 )
(
Ω
2µ + 1 +
λ
2
)
i2
(2 + λ2 )i1(γ + 1 + λ2 )i1(
Ω
2µ + 1 +
λ
2
)
i1
(2 + λ2 )i2(γ + 1 + λ2 )i2
×
∞∑
i3=i2
(
Ω
2µ +
3
2 +
λ
2
)
i3
( 52 + λ2 )i2 (γ + 32 + λ2 )i2(
Ω
2µ +
3
2 +
λ
2
)
i2
( 52 + λ2 )i3 (γ + 32 + λ2 )i3
zi3
}
ε˜3 (25d)
Put j = 1 in (23). Take the new (23) into (25b).
y1(x) = c0xλ
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) z(1 − t1)(1 − u1)
)
v
−
(
Ω
2µ+
1
2+
λ
2
)
+1
1 (1 − v1)
×

∞∑
i0=0
(
i0 +
ω
2
+
λ
2
) ( Ω2µ + λ2
)
i0
(1 + λ2 )i0 (γ + λ2 )i0
(zt1u1v1)i0
 ε˜
= c0x
λ
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) z(1 − t1)(1 − u1)
)
v
−
(
Ω
2µ+
1
2+
λ
2
)
+1
1 (1 − v1)
(
w1,1∂w1,1 +
(
ω
2
+
λ
2
))
×

∞∑
i0=0
(
Ω
2µ +
λ
2
)
i0
(1 + λ2 )i0 (γ + λ2 )i0
w
i0
1,1
 ε˜ (26)
where w1,1 = z
1∏
l=1
tlulvl
Put j = 2 in (23). Take the new (23) into (25c).
y2(x) = c0xλ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
1
2πi
∮
dv2
exp
(
− v2(1−v2) z(1 − t2)(1 − u2)
)
v
−
(
Ω
2µ+1+
λ
2
)
+1
2 (1 − v2)
(
w2,2∂w2,2 +
(1
2
+
λ
2
+
ω
2
))
×
{ ∞∑
i0=0
(i0 + λ2 + ω2 )
(i0 + 12 + λ2 )(i0 − 12 + γ + λ2 )
(
Ω
2µ +
λ
2
)
i0
(1 + λ2 )i0 (γ + λ2 )i0
×
∞∑
i1=i0
(
Ω
2µ + 1 +
λ
2
)
i1
( 32 + λ2 )i0 (γ + 12 + λ2 )i0(
Ω
2µ + 1 +
λ
2
)
i0
( 32 + λ2 )i1 (γ + 12 + λ2 )i1
wi12,2
}
ε˜2 (27)
where w2,2 = z
2∏
l=2
tlulvl
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Put j = 1 and z =←→w 2,2 in (23). Take the new (23) into (27).
y2(x) = c0xλ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
1
2πi
∮
dv2
exp
(
− v2(1−v2) z(1 − t2)(1 − u2)
)
v
−
(
Ω
2µ+1+
λ
2
)
+1
2 (1 − v2)
(
w2,2∂w2,2 +
(1
2
+
λ
2
+
ω
2
))
×
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w2,2(1 − t1)(1 − u1)
)
v
−
(
Ω
2µ+
1
2+
λ
2
)
+1
1 (1 − v1)
(
w1,2∂w1,2 +
(λ
2
+
ω
2
))
×
{ ∞∑
i0=0
(
Ω
2µ +
λ
2
)
i0
(1 + λ2 )i0 (γ + λ2 )i0
w
i0
1,2
}
ε˜2 (28)
where w1,2 = z
2∏
l=1
tlulvl
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the integral
form of sub-power series expansion of y3(x) is
y3(x) = c0xλ
∫ 1
0
dt3 t
1
2+
λ
2
3
∫ 1
0
du3 u
γ− 12+ λ2
3
1
2πi
∮
dv3
exp
(
− v3(1−v3) z(1 − t3)(1 − u3)
)
v
−
(
Ω
2µ+
3
2+
λ
2
)
+1
3 (1 − v3)
(
w3,3∂w3,3 +
(
1 + λ
2
+
ω
2
))
×
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
1
2πi
∮
dv2
exp
(
− v2(1−v2) w3,3(1 − t2)(1 − u2)
)
v
−
(
Ω
2µ+1+
λ
2
)
+1
2 (1 − v2)
(
w2,3∂w2,3 +
(1
2
+
λ
2
+
ω
2
))
×
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w2,3(1 − t1)(1 − u1)
)
v
−
(
Ω
2µ+
1
2+
λ
2
)
+1
1 (1 − v1)
(
w1,3∂w1,3 +
(λ
2
+
ω
2
))
×
{ ∞∑
i0=0
(
Ω
2µ +
λ
2
)
i0
(1 + λ2 )i0 (γ + λ2 )i0
wi01,3
}
ε˜3 (29)
where 
w3,3 = z
3∏
l=3
tlulvl
w2,3 = z
3∏
l=2
tlulvl
w1,3 = z
3∏
l=1
tlulvl
By repeating this process for all higher terms of integral forms of sub-summation ym(x) terms
where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute (25a), (26),
(28), (29) and including all integral forms of ym(x) terms where m ≥ 4 into (24), we obtain (19).

Let λ = 0 and c0 =
Γ(γ− Ω2µ )
Γ(γ) in (19). And apply (22) into the new (19).
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Remark 3. The integral representation of GCH equation of the first kind for infinite series about
x = 0 for infinite series is
y(x) = QW
(
γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
=
Γ(γ − Ω2µ )
Γ(γ)
{
M
(
Ω
2µ
, γ, z
)
+
∞∑
n=1
{ n−1∏
j=0
{∫ 1
0
dtn− j t
1
2 (n− j)−1
n− j
∫ 1
0
dun− j u
γ+ 12 (n− j)−2
n− j
× 1
2πi
∮
dvn− j
exp
(
− vn− j(1−vn− j) wn− j+1,n(1 − tn− j)(1 − un− j)
)
v
− Ω2µ− 12 (n− j)+1
n− j (1 − vn− j)
(
wn− j,n∂wn− j,n +
1
2
(
n − j − 1 + ω
)) }
×M
(
Ω
2µ
, γ,w1,n
) }
ε˜n
}
(30)
Put c0 =
(
− 12µ
)1−γ Γ(1− Ω2µ )
Γ(2−γ) as λ = 1 − ν = 2(1 − γ) on (19). And apply (22) into the new (19).
Remark 4. The integral representation of GCH equation of the second kind for infinite series
about x = 0 for infinite series is
y(x) = RW
(
γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
= z1−γ
Γ(1 − Ω2µ )
Γ(2 − γ)
{
M
(
Ω
2µ + 1 − γ, 2 − γ, z
)
+
∞∑
n=1
{ n−1∏
j=0
{∫ 1
0
dtn− j t
1
2 (n− j)−γ
n− j
×
∫ 1
0
dun− j u
1
2 (n− j)−1
n− j
1
2πi
∮
dvn− j
exp
(
− vn− j(1−vn− j) wn− j+1,n(1 − tn− j)(1 − un− j)
)
v
− Ω2µ+γ− 12 (n− j)
n− j (1 − vn− j)
×
(
wn− j,n∂wn− j,n +
1
2
(
n − j + 1 − 2γ + ω
)) }
M
(
Ω
2µ
+ 1 − γ, 2 − γ,w1,n
) }
ε˜n
}
(31)
3. Generating function for the polynomial which makes Bn term terminated
Now let’s investigate the generating function for the GCH polynomials of the first and second
kinds.
Definition 1. I define that

sa,b =

sa · sa+1 · sa+2 · · · sb−2 · sb−1 · sb where a > b
sa only if a = b
w∗a,b = zsa,∞
b∏
l=a
tlul where a ≤ b
(32)
where
a, b ∈ N0
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And I have
∞∑
βi=β j
s
βi
i =
s
β j
i
(1 − si) (33)
Acting the summation operator
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 on (9) where |si| < 1 as i = 0, 1, 2, · · ·
by using (32) and (33).
Theorem 3. The general expression of the generating function for the GCH polynomial which
makes Bn term terminated is given by
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y(x)
=
∞∏
k=1
1
(1 − sk,∞)Υ(λ; s0,∞; z)
+

∞∏
k=1
1
(1 − sk,∞)
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
× exp
(
− s1,∞(1 − s1,∞)z(1 − t1)(1 − u1)
) (
w∗1,1∂w∗1,1 +
(
ω
2
+
λ
2
))
Υ(λ; s0; w∗1,1)
}
ε˜
+
∞∑
n=2
{ ∞∏
k=n
1
(1 − sk,∞)
∫ 1
0
dtn t
n
2−1+ λ2
n
∫ 1
0
dun u
γ−2+ n2+ λ2
n exp
(
− sn,∞(1 − sn,∞) z(1 − tn)(1 − un)
)
×
(
w∗n,n∂w∗n,n +
(1
2
(n − 1) + ω
2
+
λ
2
))
×
n−1∏
j=1
{∫ 1
0
dtn− j t
1
2 (n− j)−1+ λ2
n− j
∫ 1
0
dun− j u
γ−2+ 12 (n− j)+ λ2
n− j
exp
(
− sn− j(1−sn− j) w∗n− j+1,n(1 − tn− j)(1 − un− j)
)
(1 − sn− j)
×
(
w∗n− j,n∂w∗n− j,n +
(1
2
(n − j − 1) + ω
2
+
λ
2
))}
Υ(λ; s0; w∗1,n)
}
ε˜n (34)
where 
Υ(λ; s0,∞; z) =
∞∑
β0=0
s
β0
0,∞
β0!
c0xλ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
zi0

Υ(λ; s0; w∗1,1) =
∞∑
β0=0
s
β0
0
β0!
c0xλ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0(γ + λ2 )i0
(w∗1,1)i0

Υ(λ; s0; w∗1,n) =
∞∑
β0=0
s
β0
0
β0!
c0xλ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0(γ + λ2 )i0
(w∗1,n)i0

Proof of Theorem. Acting the summation operator
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 on the general ex-
pression of the integral representation of the GCH polynomial which makes Bn term terminated
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y(x),
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y(x)
=
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 {y0(x) + y1(x) + y2(x) + y3(x) + · · · } (35)
Acting the summation operator
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 on (11a),
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y0(x)
=
∞∏
k=1
1
(1 − sk,∞)
∞∑
β0=0
s
β0
0,∞
β0!
{
c0x
λ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
zi0
}
(36)
Acting the summation operator
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 on (12),
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y1(x)
=
∞∏
k=2
1
(1 − sk,∞)
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) z(1 − t1)(1 − u1)
)
v1(1 − v1)
∞∑
β1=β0
(
s1,∞
v1
)β1
×
(
w1,1∂w1,1 +
(
ω
2
+
λ
2
)) ∞∑
β0=0
s
β0
0
β0!
{
c0x
λ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
w
i0
1,1
}
ε˜ (37)
Replace βi, β j and si by β1, β0 and
s1,∞
v1
in (33). Take the new (33) into (37).
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y1(x)
=
∞∏
k=2
1
(1 − sk,∞)
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) z(1 − t1)(1 − u1)
)
(1 − v1)(v1 − s1,∞)
×
(
w1,1∂w1,1 +
(
ω
2
+
λ
2
)) ∞∑
β0=0
1
β0!
(
s0,∞
v1
)β0 {
c0x
λ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
wi01,1
}
ε˜ (38)
By using Cauchy’s integral formula, the contour integrand has poles at v1 = 1 or s1,∞, and s1,∞
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is only inside the unit circle. As we compute the residue there in (38) we obtain
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y1(x)
=
∞∏
k=1
1
(1 − sk,∞)
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1 exp
(
− s1,∞(1 − s1,∞) z(1 − t1)(1 − u1)
)
×
(
w∗1,1∂w∗1,1 +
(
ω
2
+
λ
2
)) ∞∑
β0=0
s
β0
0
β0!
{
c0x
λ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
(w∗1,1)i0
}
ε˜ (39)
where
w∗1,1 = zs1,∞
1∏
l=1
tlul
Acting the summation operator
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 on (14),
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y2(x)
=
∞∏
k=3
1
(1 − sk,∞)
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
× 1
2πi
∮
dv2
exp
(
− v2(1−v2) z(1 − t2)(1 − u2)
)
v2(1 − v2)
∞∑
β2=β1
(
s2,∞
v2
)β2 (
w2,2∂w2,2 +
(1
2
+
λ
2
+
ω
2
))
×
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w2,2(1 − t1)(1 − u1)
)
v1(1 − v1)
×
∞∑
β1=β0
(
s1
v1
)β1 (
w1,2∂w1,2 +
(λ
2
+
ω
2
)) ∞∑
β0=0
s
β0
0
β0!
{
c0x
λ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0(γ + λ2 )i0
w
i0
1,2
}
ε˜2 (40)
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Replace βi, β j and si by β2, β1 and
s2,∞
v2
in (33). Take the new (33) into (40).
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y2(x)
=
∞∏
k=3
1
(1 − sk,∞)
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
× 1
2πi
∮
dv2
exp
(
− v2(1−v2) z(1 − t2)(1 − u2)
)
(1 − v2)(v2 − s2,∞)
(
w2,2∂w2,2 +
(1
2
+
λ
2
+
ω
2
))
×
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w2,2(1 − t1)(1 − u1)
)
v1(1 − v1)
×
∞∑
β1=β0
(
s1,∞
v1v2
)β1 (
w1,2∂w1,2 +
(λ
2
+
ω
2
)) ∞∑
β0=0
s
β0
0
β0!
{
c0x
λ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
w
i0
1,2
}
ε˜2 (41)
By using Cauchy’s integral formula, the contour integrand has poles at v2 = 1 or s2,∞, and s2,∞
is only inside the unit circle. As we compute the residue there in (41) we obtain
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y2(x)
=
∞∏
k=2
1
(1 − sk,∞)
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
× exp
(
− s2,∞(1 − s2,∞) z(1 − t2)(1 − u2)
) (
w∗2,2∂w∗2,2 +
(1
2
+
λ
2
+
ω
2
))
×
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w
∗
2,2(1 − t1)(1 − u1)
)
v1(1 − v1)
∞∑
β1=β0
(
s1
v1
)β1
×
(
w¨1,2∂w¨1,2 +
(λ
2
+
ω
2
)) ∞∑
β0=0
s
β0
0
β0!
{
c0x
λ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
w¨
i0
1,2
}
ε˜2 (42)
where
w∗2,2 = zs2,∞
2∏
l=2
tlul w¨1,2 = zs2,∞v1
2∏
l=1
tlul
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Replace βi, β j and si by β1, β0 and
s1
v1
in (33). Take the new (33) into (42).
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y2(x)
=
∞∏
k=2
1
(1 − sk,∞)
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
× exp
(
− s2,∞(1 − s2,∞)z(1 − t2)(1 − u2)
) {
w∗2,2∂w∗2,2 +
(1
2
+
λ
2
+
ω
2
)}
×
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
1
2πi
∮
dv1
exp
(
− v1(1−v1) w∗2,2(1 − t1)(1 − u1)
)
(1 − v1)(v1 − s1)
×
{
w¨1,2∂w¨1,2 +
(λ
2
+
ω
2
)} ∞∑
β0=0
1
β0!
(
s0,1
v1
)β0 {
c0x
λ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
w¨
i0
1,2
}
ε˜2 (43)
By using Cauchy’s integral formula, the contour integrand has poles at v1 = 1 or s1, and s1 is
only inside the unit circle. As we compute the residue there in (43) we obtain
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y2(x)
=
∞∏
k=2
1
(1 − sk,∞)
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2 exp
(
− s2,∞(1 − s2,∞)z(1 − t2)(1 − u2)
)
×
(
w∗2,2∂w∗2,2 +
(1
2
+
λ
2
+
ω
2
))
×
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
exp
(
− s1(1−s1) w
∗
2,2(1 − t1)(1 − u1)
)
(1 − s1)
(
w∗1,2∂w∗1,2 +
(λ
2
+
ω
2
))
×
∞∑
β0=0
s
β0
0
β0!
{
c0x
λ
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
(w∗1,2)i0
}
ε˜2 (44)
where
w∗1,2 = zs1,∞
2∏
l=1
tlul
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Acting the summation operator
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 on (15),
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 y3(x)
= c0x
λε˜3
∞∏
k=3
1
(1 − sk,∞)
∫ 1
0
dt3 t
1
2+
λ
2
3
∫ 1
0
du3 u
γ− 12+ λ2
3 exp
(
− s3,∞(1 − s3,∞)z(1 − t3)(1 − u3)
)
×
(
w∗3,3∂w∗3,3 +
(
1 + λ
2
+
ω
2
))
×
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
γ−1+ λ2
2
exp
(
− s2(1−s2) w
∗
3,3(1 − t2)(1 − u2)
)
(1 − s2)
(
w∗2,3∂w∗2,3 +
(1
2
+
λ
2
+
ω
2
))
×
∫ 1
0
dt1 t
− 12+ λ2
1
∫ 1
0
du1 u
γ− 32+ λ2
1
exp
(
− s1(1−s1) w
∗
2,3(1 − t1)(1 − u1)
)
(1 − s1)
(
w∗1,3∂w∗1,3 +
(λ
2
+
ω
2
))
×
∞∑
β0=0
s
β0
0
β0!
β0∑
i0=0
(−β0)i0
(1 + λ2 )i0 (γ + λ2 )i0
(w∗1,3)i0 (45)
where
w∗3,3 = zs3,∞
3∏
l=3
tlul w
∗
2,3 = zs2,∞v1
3∏
l=2
tlul w
∗
1,3 = zs1,∞v1
3∏
l=1
tlul
By repeating this process for all higher terms of integral forms of sub-summation ym(x) terms
where m > 3, we obtain every
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 ym(x) terms. Since we substitute (36),
(39), (44), (45) and including all
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 ym(x) terms where m > 3 into (35), we
obtain (34) 
Remark 5. The generating function for the GCH polynomial which makes Bn term terminated
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of the first kind about x = 0 as Ω = −2µ(βi + i2 ) where i, βi = 0, 1, 2, · · · is
∞∑
β0=0
s
β0
0
β0!
∞∏
n=1

∞∑
βn=βn−1
s
βn
n
 QWβi
(
βi = −
Ω
2µ
− i
2
, γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
=
∞∏
k=1
1
(1 − sk,∞)A
(
s0,∞; z
)
+

∞∏
k=1
1
(1 − sk,∞)
∫ 1
0
dt1 t
− 12
1
∫ 1
0
du1 u
γ− 32
1
←→
Γ 1
(
s1,∞; t1, u1, z
) (
w∗1,1∂w∗1,1 +
ω
2
)
A
(
s0; w∗1,1
) ε˜
+
∞∑
n=2
{ ∞∏
k=n
1
(1 − sk,∞)
∫ 1
0
dtn t
n
2−1
n
∫ 1
0
dun u
γ−2+ n2
n
←→
Γ n
(
sn,∞; tn, un, z
) (
w∗n,n∂w∗n,n +
1
2
(n − 1 + ω)
)
×
n−1∏
j=1
{∫ 1
0
dtn− j t
1
2 (n− j)−1
n− j
∫ 1
0
dun− j u
γ−2+ 12 (n− j)
n− j
←→
Γ n− j
(
sn− j; tn− j, un− j,w∗n− j+1,n
)
×
(
w∗n− j,n∂w∗n− j,n +
1
2
(n − j − 1 + ω)
)}
A
(
s0; w∗1,n
) }
ε˜n (46)
where

←→
Γ 1
(
s1,∞; t1, u1, z
)
= exp
(
− s1,∞(1 − s1,∞)z(1 − t1)(1 − u1)
)
←→
Γ n
(
sn,∞; tn, un, z
)
= exp
(
− sn,∞(1 − sn,∞)z(1 − tn)(1 − un)
)
←→
Γ n− j
(
sn− j; tn− j, un− j,w∗n− j+1,n
)
=
exp
(
− sn− j(1−sn− j) w
∗
n− j+1,n(1 − tn− j)(1 − un− j)
)
(1 − sn− j)
and 
A (s0,∞; z) = (1 − s0,∞)−γ exp
(
− zs0,∞(1 − s0,∞)
)
A
(
s0; w∗1,1
)
= (1 − s0)−γ exp
(
−
w∗1,1s0
(1 − s0)
)
A
(
s0; w∗1,n
)
= (1 − s0)−γ exp
(
−
w∗1,ns0
(1 − s0)
)
Proof. The generating function for confluent Hypergeometric polynomial of the first kind is
written by
∞∑
β0=0
tβ0
β0!
Fβ0 (γ; z) = (1 − t)−γ exp
(
− zt(1 − t)
)
(47)
Replace t by s0,∞ in (47).
∞∑
β0=0
s
β0
0,∞
β0!
Fβ0 (γ; z) = (1 − s0,∞)−γ exp
(
− zs0,∞(1 − s0,∞)
)
(48)
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Replace t and z by s0 and w∗1,1 in (47).
∞∑
β0=0
s
β0
0
β0!
Fβ0 (γ; w∗1,1) = (1 − s0)−γ exp
(
−
w∗1,1s0
(1 − s0)
)
(49)
Replace t and z by s0 and w∗1,n in (47).
∞∑
β0=0
s
β0
0
β0!
Fβ0 (γ; w∗1,n) = (1 − s0)−γ exp
(
−
w∗1,ns0
(1 − s0)
)
(50)
Put c0 = Γ(γ+β0)Γ(γ) as λ = 0 in (34). And substitute (48), (49) and (50) into the new (34). 
Remark 6. The generating function for the GCH polynomial which makes Bn term terminated
of the second kind about x = 0 as Ω = −2µ(ψi + 1 − γ + i2 ) where i, ψi = 0, 1, 2, · · · is
∞∑
ψ0=0
s
ψ0
0
ψ0!
∞∏
n=1

∞∑
ψn=ψn−1
s
ψn
n
RWψi
(
ψi = −
Ω
2µ
+ γ − 1 − i
2
, γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
= z1−γ
{ ∞∏
k=1
1
(1 − sk,∞)B
(
s0,∞; z
)
+

∞∏
k=1
1
(1 − sk,∞)
∫ 1
0
dt1 t
1
2−γ
1
∫ 1
0
du1 u
− 12
1
←→
Γ 1
(
s1,∞; t1, u1, z
) (
w∗1,1∂w∗1,1 +
(
ω
2
+ 1 − γ
))
B
(
s0; w∗1,1
) ε˜
+
∞∑
n=2
{ ∞∏
k=n
1
(1 − sk,∞)
∫ 1
0
dtn t
n
2−γ
n
∫ 1
0
dun u
−1+ n2
n
←→
Γ n
(
sn,∞; tn, un, z
) (
w∗n,n∂w∗n,n +
(1
2
(n + 1 + ω) − γ
))
×
n−1∏
j=1
{∫ 1
0
dtn− j t
1
2 (n− j)−γ
n− j
∫ 1
0
dun− j u
1
2 (n− j)−1
n− j
←→
Γ n− j
(
sn− j; tn− j, un− j,w∗n− j+1,n
)
×
(
w∗n− j,n∂w∗n− j,n +
(1
2
(n − j + 1 + ω) − γ
))}
B
(
s0; w∗1,n
) }
ε˜n
}
(51)
where 
←→
Γ 1
(
s1,∞; t1, u1, z
)
= exp
(
− s1,∞(1 − s1,∞)z(1 − t1)(1 − u1)
)
←→
Γ n
(
sn,∞; tn, un, z
)
= exp
(
− sn,∞(1 − sn,∞)z(1 − tn)(1 − un)
)
←→
Γ n− j
(
sn− j; tn− j, un− j,w∗n− j+1,n
)
=
exp
(
− sn− j(1−sn− j) w
∗
n− j+1,n(1 − tn− j)(1 − un− j)
)
(1 − sn− j)
and 
B
(
s0,∞; z
)
= (1 − s0,∞)γ−2 exp
(
− zs0,∞(1 − s0,∞)
)
B
(
s0; w∗1,1
)
= (1 − s0)γ−2 exp
(
−
w∗1,1s0
(1 − s0)
)
B
(
s0; w∗1,n
)
= (1 − s0)γ−2 exp
(
−
w∗1,ns0
(1 − s0)
)
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Proof. The generating function for confluent hypergeometric polynomial of the second kind is
written by
∞∑
ψ0=0
tψ0
ψ0!
Aψ0 (γ; z) = (1 − t)γ−2 exp
(
− zt(1 − t)
)
(52)
Replace t by s0,∞ in (52).
∞∑
ψ0=0
s
ψ0
0,∞
ψ0!
Aψ0(γ; z) = (1 − s0,∞)γ−2 exp
(
− zs0,∞(1 − s0,∞)
)
(53)
Replace t and z by s0 and w∗1,1 in (52).
∞∑
ψ0=0
s
ψ0
0
ψ0!
Aψ0 (γ; w∗1,1) = (1 − s0)γ−2 exp
(
−
w∗1,1 s0
(1 − s0)
)
(54)
Replace t and z by s0 and w∗1,n in (52).
∞∑
ψ0=0
s
ψ0
0
ψ0!
Aψ0 (γ; w∗1,n) = (1 − s0)γ−2 exp
(
−
w∗1,n s0
(1 − s0)
)
(55)
Put c0 =
(
− 12µ
)1−γ Γ(ψ0+2−γ)
Γ(2−γ) as λ = 1 − ν = 2(1− γ) on (34) with replacing β0, βn−1 and βn by ψ0,
ψn−1 and ψn. Substitute (53), (54) and (55) into the new (34). 
4. Application
I show integral forms and generating functions for GCH polynomials of the first and second
kinds in this paper. We can apply this new special function into many physics areas. I show three
examples of GCH equation as follows:
4.1. the rotating harmonic oscillator
For example, there are quantum-mechanical systems whose radial Schro¨dinger equation may
be reduced to a Biconfluent Heun function[25, 11, 12], namely the rotating harmonic oscillator
and a class of confinement potentials. Its radial Schro¨dinger equation is
Ψ
′′ (r) +
{2λm + 1
2ω
− (r − 1)
2
4ω2
− lm(lm + 1)
r2
}
Ψ(r) = 0 (56)
where 0 ≤ r < ∞, λm is the eigenvalue, lm is the rotational quantum number and ω is a coupling
parameter.
The wave function for the rotating harmonic oscillator is given by [25]
Ψ(r) = Nrlm+1 exp
(
− (r − 1)
2
2ω
)
QWβi
(
βi =
λm − lm − 1 − i
2
, ω = lm + 1, γ = lm +
3
2
; ε˜ = − r
2ω
; z =
r2
2ω
)
(57)
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where
QWβi
(
βi =
λm − lm − 1 − i
2
, ω = lm + 1, γ = lm +
3
2
; ε˜ = − r
2ω
; z =
r2
2ω
)
=
Γ(γ + β0)
Γ(γ)
{ β0∑
i0=0
(−β0)i0
(1)i0(γ)i0
zi0 +
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
β1∑
i1=i0
(−β1)i1 ( 32 )i0 (γ + 12 )i0
(−β1)i0 ( 32 )i1 (γ + 12 )i1
zi1
}
ε˜ +
∞∑
n=2
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
n−1∏
k=1
{ βk∑
ik=ik−1
(ik + ω2 + k2 )
(ik + 12 + k2 )(ik − 12 + γ + k2 )
(−βk)ik (1 + k2 )ik−1 ( k2 + γ)ik−1
(−βk)ik−1 (1 + k2 )ik ( k2 + γ)ik
}
×
βn∑
in=in−1
(−βn)in (1 + n2 )in−1 ( n2 + γ)in−1
(−βn)in−1 (1 + n2 )in ( n2 + γ)in
zin
}
ε˜n
}
(58)
N is normalized constant. GCH function with three recursive coefficients has infinite eigenvalues
as we see (58) which is βi = λm−lm−1−i2 where i, βi = 0, 1, 2, · · · .
We obtain the integral form of (58) from (16).
QWβi
(
βi =
λm − lm − 1 − i
2
, γ = lm +
3
2
; ε˜ = − r
2ω
; z =
r2
2ω
)
= Fβ0(γ; z) +
∞∑
n=1
{ n−1∏
j=0
{∫ 1
0
dtn− j t
1
2 (n− j)−1
n− j
∫ 1
0
dun− j u
γ+ 12 (n− j)−2
n− j
× 1
2πi
∮
dvn− j
exp
(
− vn− j(1−vn− j) wn− j+1,n(1 − tn− j)(1 − un− j)
)
v
βn− j+1
n− j (1 − vn− j)
×
(
wn− j,n∂wn− j,n +
1
2
(
n − j + lm
)) }
Fβ0 (γ; w1,n)
}
ε˜n (59)
where
wa,b =

z
b∏
l=a
tlulvl
z only if a > b
(60)
We can transform GCH function into all other well-known special functions having two recursive
coefficients because a 1F1 (or Fβ0) function recurs in each of sub-integral forms of GCH function
in (59).
4.2. Confinement potentials
Following Chaudhuri and Mukherjee, there is the radial Schro¨dinger equation.[25, 13, 14, 11]
Ψ
′′ (r) +
{(2µ
~2
)(
E +
a
r
− br − cr2
)
− l(l + 1)
r2
}
Ψ(r) = 0 (61)
with E being the energy.
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The wave function for confinement potentials is given by (see section 4.2 in Ref[25])
Ψ(r) = Nrl+1 exp
(
−1
2
r2αF − βFr
)
QWβi
(
βi =
1
4αF
(
β2F +
2µ
~2
E
)
− 1
2
(
i + l + 3
2
)
, ω = − µa
~2βF
+ l + 1, γ = l + 3
2
; ε˜ = −βFr; z = αFr2
)
(62)
where
QWβi
(
βi =
1
4αF
(
β2F +
2µ
~2
E
)
− 1
2
(
i + l + 3
2
)
, ω = − µa
~2βF
+ l + 1
, γ = l + 3
2
; ε˜ = −βFr; z = αFr2
)
=
Γ(γ + β0)
Γ(γ)
{ β0∑
i0=0
(−β0)i0
(1)i0(γ)i0
zi0 +
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
β1∑
i1=i0
(−β1)i1 ( 32 )i0(γ + 12 )i0
(−β1)i0 ( 32 )i1(γ + 12 )i1
zi1
}
ε˜ +
∞∑
n=2
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
n−1∏
k=1
{ βk∑
ik=ik−1
(ik + ω2 + k2 )
(ik + 12 + k2 )(ik − 12 + γ + k2 )
(−βk)ik (1 + k2 )ik−1 ( k2 + γ)ik−1
(−βk)ik−1 (1 + k2 )ik ( k2 + γ)ik
}
×
βn∑
in=in−1
(−βn)in (1 + n2 )in−1 ( n2 + γ)in−1
(−βn)in−1 (1 + n2 )in( n2 + γ)in
zin
}
ε˜n
}
(63)
N is normalized constant. Energy E is given by
E =
~
2
2µ
4αF
βi + i + l +
3
2
2
 − β2F
 where i, βi = 0, 1, 2, · · · (64)
GCH function with three recursive coefficients has infinite eigenvalues as we see (63). We obtain
the integral form of (63) from (16).
QWβi
(
βi =
1
4αF
(
β2F +
2µ
~2
E
)
− 1
2
(
i + l + 3
2
)
, ω = − µa
~2βF
+ l + 1
, γ = l + 3
2
; ε˜ = −βFr; z = αFr2
)
= Fβ0 (γ; z) +
∞∑
n=1
{ n−1∏
j=0
{∫ 1
0
dtn− j t
1
2 (n− j)−1
n− j
∫ 1
0
dun− j u
γ+ 12 (n− j)−2
n− j
× 1
2πi
∮
dvn− j
exp
(
− vn− j(1−vn− j) wn− j+1,n(1 − tn− j)(1 − un− j)
)
v
βn− j+1
n− j (1 − vn− j)
×
(
wn− j,n∂wn− j,n +
1
2
(
n − j + l − a
2βF
)) }
Fβ0(γ; w1,n)
}
ε˜n (65)
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where
wa,b =

z
b∏
l=a
tlulvl
z only if a > b
(66)
Again, 1F1 (or Fβ0) function recurs in each of sub-integral forms in (65).
4.3. Two interacting electrons in a uniform magnetic field and a parabolic potential
There are three identical charged particles on a plane under a perpendicular magnetic field
and interacting through Coulomb repulsion.[4] Its solution is also Biconflent Heun function
which is the special case of GCH function. In “Two interacting electrons in a uniform mag-
netic field and a parabolic potential: The general closed-form solution”[5], the author consider a
system of two interacting electrons of mass m∗ and charge e in two space dimensions subjected
to both a uniform magnetic field along the direction perpendicular to the plane and an external
parabolic potential. Its Hamiltonian is given by
H =
2∑
j=1
{
1
2m∗
[
p(r j) + e
c
A(r j)
]2
+ U(|r j|)
}
+
e2
ǫ∞|r1 − r2|
(67)
where U(|r j|) = 1/2m∗ω2r2j is the single particle confinement potential, and A(r j) is the vector
potential of the magnetic field. By introducing the relative and center-of-mass coordinates,r =
|r1−r2| and R = (r1+r2)/2, respectively, (67) can be decoupled as the sum of two single particle
Hamiltonians. by setting Ψ(r) = eimϕR(r) , the equation for the radial part of the relative motion
in the cylindrical coordinates is
d2R
dρ2
+
1
ρ
dR
dρ −
σ2m2
ρ2
R − ρ2R − u
ρ
R + ǫ˜R = 0 (68)
where
ǫ˜ = (2Er − m~ωc)/~ω
u = 2µe2/ǫ∞~2γ˜
ρ = γ˜r
γ˜2 = µω/~
(69)
Put R(ρ) = ρσ|m|e−ρ2/2F(ρ) in (68).
ρF
′′
+ (a − 2ρ2)F ′ + (dρ − u)F = 0 (70)
where
a = 2σ|m| + 1
d = ǫ˜ − (2σ|m| + 1) (71)
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(70) is generally called the Biconfluent Heun equation in canonical form. If we compare (70)
with (1), all coefficients on the above are correspondent to the following way.
µ←→ −2
ε←→ 0
ν←→ a = 2σ|m| + 1
Ω←→ d = ǫ˜ − (2σ|m| + 1)
ω←→ −u0
x ←→ ρ
(72)
Let’s investigate function Ψ(r) as n and r go to infinity. I assume that F(ρ) is infinite series in
(70). In Ref.[25], the asymptomatic behavior of lim
n≫1
y(x) for the case of |ε| ≪ |µ| is
lim
n≫1
y(x) = 1 +
√
−π
2
µx2Erf
(√
−1
2
µx2
)
exp
(
−1
2
µx2
)
where − ∞ < x < ∞ (73)
Replacing y(x) and µ by F(ρ) and −2 in (73). Take the new (73) into Ψ(r) = eimϕR(ρ) =
ρσ|m|e−ρ
2/2F(ρ)eimϕ putting ρ = γ˜r.
lim
n≫1
Ψ(r) ≈ (γ˜r)σ|m| exp
(
− (γ˜r)
2
2
) {
1 + γ˜
√
π Erf(γ˜r) r exp
(
γ˜2r2
)}
exp (imϕ) (74)
In (74) if r → ∞, then lim
n≫1
Ψ(r) → ∞. It is unacceptable that wave function Ψ(r) is divergent as
r goes to infinity in the quantum mechanical point of view. Therefore the function F(ρ) must to
be polynomial in (70) in order to make the wave function Ψ(r) being convergent even if r goes
to infinity.
In Ref.[25], the Frobenius solutions of GCH polynomial which makes Bn term terminated of
the first and second kinds are given by
y(x) = QWβi
(
βi = −
Ω
2µ
− i
2
, ω, γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
=
Γ(γ + β0)
Γ(γ)
{ β0∑
i0=0
(−β0)i0
(1)i0(γ)i0
zi0 +
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
β1∑
i1=i0
(−β1)i1 ( 32 )i0(γ + 12 )i0
(−β1)i0 ( 32 )i1(γ + 12 )i1
zi1
}
ε˜ +
∞∑
n=2
{ β0∑
i0=0
(i0 + ω2 )
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
n−1∏
k=1
{ βk∑
ik=ik−1
(ik + ω2 + k2 )
(ik + 12 + k2 )(ik − 12 + γ + k2 )
(−βk)ik (1 + k2 )ik−1 ( k2 + γ)ik−1
(−βk)ik−1 (1 + k2 )ik ( k2 + γ)ik
}
×
βn∑
in=in−1
(−βn)in (1 + n2 )in−1 ( n2 + γ)in−1
(−βn)in−1 (1 + n2 )in ( n2 + γ)in
zin
}
ε˜n
}
(75)
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y(x) = RWψi
(
ψi = −
Ω
2µ
+ γ − 1 − i
2
, ω, γ =
1
2
(1 + ν); ε˜ = −1
2
εx; z = −1
2
µx2
)
= z1−γ
Γ(ψ0 + 2 − γ)
Γ(2 − γ)
{ ψ0∑
i0=0
(−ψ0)i0
(1)i0(2 − γ)i0
zi0
+
{ ψ0∑
i0=0
(i0 + 1 − γ + ω2 )
(i0 + 12 )(i0 + 32 − γ)
(−ψ0)i0
(1)i0(2 − γ)i0
ψ1∑
i1=i0
(−ψ1)i1 ( 32 )i0 ( 52 − γ)i0
(−ψ1)i0 ( 32 )i1 ( 52 − γ)i1
zi1
}
ε˜
+
∞∑
n=2
{ ψ0∑
i0=0
(i0 + 1 − γ + ω2 )
(i0 + 12 )(i0 + 32 − γ)
(−ψ0)i0
(1)i0(2 − γ)i0
×
n−1∏
k=1
{ ψk∑
ik=ik−1
(ik + 1 − γ + ω2 + k2 )
(ik + 12 + k2 )(ik + 32 − γ + k2 )
(−ψk)ik (1 + k2 )ik−1 (2 − γ + k2 )ik−1
(−ψk)ik−1 (1 + k2 )ik (2 − γ + k2 )ik
}
×
ψn∑
in=in−1
(−ψn)in (1 + n2 )in−1 (2 − γ + n2 )in−1
(−ψn)in−1 (1 + n2 )in (2 − γ + n2 )in
zin
}
ε˜n
}
(76)
Since (72) is put in (75) and (76), RWψi (ψi, ω, γ; ε˜; z) → ∞ as r → 0 because of γ = σ|m| + 1.
And QWβi (βi, ω, γ; ε˜; z) → 0 as r → 0. So I choose QWβi (βi, ω, γ; ε˜; z) as an eigenfunction
for (70). Apply (72) into (75) with replacing y(x) by F(ρ = γ˜r).
F(ρ) = QWβi
(
βi =
d
4
− i
2
, γ = σ|m| + 1; ε˜ = µe
2
2ǫ∞~2
r; z =
µω
~
r2
)
=
Γ(γ + β0)
Γ(γ)
{ β0∑
i0=0
(−β0)i0
(1)i0(γ)i0
zi0 +
{ β0∑
i0=0
1
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
β1∑
i1=i0
(−β1)i1 ( 32 )i0 (γ + 12 )i0
(−β1)i0 ( 32 )i1 (γ + 12 )i1
zi1
}
ε˜ +
∞∑
n=2
{ β0∑
i0=0
1
(i0 + 12 )(i0 − 12 + γ)
(−β0)i0
(1)i0(γ)i0
×
n−1∏
k=1
{ βk∑
ik=ik−1
1
(ik + 12 + k2 )(ik − 12 + γ + k2 )
(−βk)ik (1 + k2 )ik−1 ( k2 + γ)ik−1
(−βk)ik−1 (1 + k2 )ik ( k2 + γ¯)ik
}
×
βn∑
in=in−1
(−βn)in (1 + n2 )in−1 ( n2 + γ)in−1
(−βn)in−1 (1 + n2 )in( n2 + γ)in
zin
}
ε˜n
}
(77)
Put (77) in Ψ(r) = ρσ|m|e−ρ2/2F(ρ)eimϕ where ρ = γ˜r =
√
µω
~
r. The wave function in a uniform
magnetic field and a parabolic potential is given by
Ψ(r) = N
(
µω
~
r2
) σ|m|
2
exp
(
−µω
2~
r2
)
QWβi
(
βi =
d
4
− i
2
, γ = σ|m| + 1; ε˜ = µe
2
2ǫ∞~2
r; z =
µω
~
r2
)
eimϕ
(78)
N is normalized constant. Energy Er is given by
Er = ~ω
(
2βi + i + σ|m| +
1
2
)
+
1
2
m~ωc where i, βi = 0, 1, 2, · · · (79)
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GCH function with three recursive coefficients has infinite eigenvalues as we see (77). We obtain
the integral form of (77) from (16).
F(ρ) = QWβi
(
βi =
d
4
− i
2
, γ = σ|m| + 1; ε˜ = µe
2
2ǫ∞~2
r; z =
µω
~
r2
)
= Fβ0(γ; z) +
∞∑
n=1
{ n−1∏
j=0
{∫ 1
0
dtn− j t
1
2 (n− j)−1
n− j
∫ 1
0
dun− j u
γ+ 12 (n− j)−2
n− j (80)
× 1
2πi
∮
dvn− j
exp
(
− vn− j(1−vn− j) wn− j+1,n(1 − tn− j)(1 − un− j)
)
v
βn− j+1
n− j (1 − vn− j)
wn− j,n∂wn− j,n
}
Fβ0(γ; w1,n)
}
ε˜n
where
wa,b =

z
b∏
l=a
tlulvl
z only if a > b
(81)
1F1 (or Fβ0) function again recurs in each of sub-integral forms in (80).
5. Conclusion
In Ref.[25] I show the power series expansion in closed forms and its asymptotic behaviors
of the GCH equation for infinite series and polynomial. In this paper I construct integral forms of
GCH equation for infinite series and polynomial which makes Bn term terminated including all
higher terms of An’s. Indeed, the generating functions for GCH polynomial are derived in math-
ematical rigour. And I show how to derive the power series expansions in closed forms and its
integral forms of analytic wave functions and its eigenvalues in four examples: (1) Schro¨dinger
equation with the rotating harmonic oscillator and a class of confinement potentials, (2) The
spin free Hamiltonian involving only scalar potential for the q − q¯ system [25], (3) The radial
Schro¨dinger equation with Confinement potentials, (4) Two interacting electrons in a uniform
magnetic field and a parabolic potential.
In general, most of wave-functions in physics are quantized with specific eigenvalues. As we
see three examples on the above, all solutions are quantized with certain eigenvalues and its ana-
lytic wave-functions have polynomial expansions in closed forms. There are infinite eigenvalues
because its differential equations have three recursive coefficients[17, 18, 25]. In contrast most
of well-known wave functions only have one eigenvalue because its differential equations have
two recursive coefficients.
We can express representations in closed form integrals in an easy way since we have power
series expansions with Pochhammer symbols in numerators and denominators. We can transform
any special functions, having three term recursive relation, into all other well-known special
functions with two recursive coefficients because a 1F1 (GCH function) or 2F1 (Mathieu, Lame,
Heun, functions[20, 21, 22, 23]) function recurs in each of sub-integral forms of them. It means
all analytic solutions in the three-term recurrence can be described as hypergoemetric function:
understanding the connection between other special functions is important in the mathematical
and physical points of views as we all know.
The analytic integral form of the GCH function with three recursive coefficients are derived
from power series expansion in closed forms of the GCH function. And generating function for
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the GCH polynomial is constructed from the integral form of the GCH polynomial. The gen-
erating function is really helpful in order to derive orthogonal relations, recursion relations and
expectation values of any physical quantities. For the case of hydrogen-like atoms, the normal-
ized wave function is derived from the generating function for associated Laguerre polynomials.
And expectation values of physical quantities such as position and momentum are constructed
by applying the recursive relation of associated Laguerre polynomials.
6. Series “Special functions and three term recurrence formula (3TRF)”
This paper is 10th out of 10.
1. “Approximative solution of the spin free Hamiltonian involving only scalar potential for
the q − q¯ system” [17] - In order to solve the spin-free Hamiltonian with light quark masses we
are led to develop a totally new kind of special function theory in mathematics that generalize all
existing theories of confluent hypergeometric types. We call it the Grand Confluent Hypergeo-
metric Function. Our new solution produces previously unknown extra hidden quantum numbers
relevant for description of supersymmetry and for generating new mass formulas.
2. “Generalization of the three-term recurrence formula and its applications” [18] - General-
ize three term recurrence formula in linear differential equation. Obtain the exact solution of the
three term recurrence for polynomials and infinite series.
3. “The analytic solution for the power series expansion of Heun function” [19] - Apply three
term recurrence formula to the power series expansion in closed forms of Heun function (infinite
series and polynomials) including all higher terms of Ans.
4. “Asymptotic behavior of Heun function and its integral formalism”, [20] - Apply three
term recurrence formula, derive the integral formalism, and analyze the asymptotic behavior of
Heun function (including all higher terms of Ans).
5. “The power series expansion of Mathieu function and its integral formalism”, [21] - Apply
three term recurrence formula, analyze the power series expansion of Mathieu function and its
integral forms.
6. “Lame equation in the algebraic form” [22] - Applying three term recurrence formula,
analyze the power series expansion of Lame function in the algebraic form and its integral forms.
7. “Power series and integral forms of Lame equation in Weierstrass’s form and its asymptotic
behaviors” [23] - Applying three term recurrence formula, derive the power series expansion of
Lame function in Weierstrass’s form and its integral forms.
8. “The generating functions of Lame equation in Weierstrass’s form” [24] - Derive the
generating functions of Lame function in Weierstrass’s form (including all higher terms of An’s).
Apply integral forms of Lame functions in Weierstrass’s form.
9. “Analytic solution for grand confluent hypergeometric function” [25] - Apply three term
recurrence formula, and formulate the exact analytic solution of grand confluent hypergeometric
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function (including all higher terms of An’s). Replacing µ and εω by 1 and −q, transforms the
grand confluent hypergeometric function into Biconfluent Heun function.
10. “The integral formalism and the generating function of grand confluent hypergeometric
function” [26] - Apply three term recurrence formula, and construct an integral formalism and
a generating function of grand confluent hypergeometric function (including all higher terms of
An’s).
Acknowledgment
I thank Bogdan Nicolescu. The discussions I had with him on number theory was of great
joy.
References
[1] Heun, K.,“Zur Theorie der Riemann’schen Functionen zweiter Ordnung mit vier Verzweigungspunk-
ten,”Mathematische Annalen 33, (1889)161.
[2] Ronveaux, A., “Heuns Differential Equations” Oxford University Press, (1995).
[3] Slavyanov, S.Y., “Asymptotic Solutions of the One-dimensional Schrodinger Equation,” Amer. Math. Soc. Trans.
of Math. Monographs 151, (1996).
[4] Ralko, A. and Truong, T.T., “Behavior of three charged particles on a plane under perpendicular magnetic field,” J.
Phys. A: Math. Theor. 35, 9573-9583(2002).
[5] Kandemir, B.S., “Two interacting electrons in a uniform magnetic field and a parabolic potential: The general
closed-form solution,” J. Math. Phys. 46, 032110(2005).
[6] M. Hortacsu, “Heun Functions and their uses in Physics,” arXiv:1101.0471 [math-ph].
[7] Arriola, E.R., Zarzo, A., and Dehesa, J.S., “Spectral Properties of the Biconfluent Heun Differential Equation,” J.
Comput. Appl. Math. 37, 161-169(1991).
[8] Takemura, K., “On the Heun equation,” Phil. Trans. R. Soc. A 366, 1179-1201(2008).
[9] Suzuki, H., Takasugi, E., Umetsu, H., “Analytic solution of Teukolsky Equation in Kerr-de Sitter and Kerr-
Newman-de Sitter Geometries,” Prog. Theor. Phys. 102, 253-272(1999).
[10] Suzuki, H., Takasugi, E., Umetsu, H., “Perturbations of Kerr-de Sitter Black Hole and Heun’s Equation,” Prog.
Theor. Phys. 100, 491-505(1998).
[11] Leaute, B. and Marcilhacy, G., “On the Schrodinger equation of rotating harmonic, three-dimensional and double
anharmonic oscillators and a class of confinement potentials in conexion with the biconfluent Heun differential
equation,” J. Phys. A: Math. Gen. 19, 3527-3533(1986).
[12] Masson, D., “The rotating harmonic oscillator eigenvalue problem,” J. Math. Phys. 24, 2074-2088 and 2089-
2094(1983)
[13] Chauduri, R.N., “The Hill determinant: an application to a class of confinement potentials,” J. Phys. A: Math. Gen.
16, 209-215(1983).
[14] Chauduri, R.N. and Mukkerjee, B., “On the µx2 + λx4 + ηx6 interaction,” J. Phys. A: Math. Gen. 17, 3327-3335
(1984).
[15] NIST Digital Library of Mathematical Functions, “Confluent Forms of Heuns Equation,” http://dlmf.nist.gov/31.12
[16] Slavyanov, S. Yu., Lay W. Special Functions: A Unified Theory Based on Singularities, Oxford Mathematical
Monographs, Oxford University Press, Oxford, 2000.
[17] Choun, Y.S., “Approximative solution of the spin free Hamiltonian involving only scalar potential for the q − q¯
system,” arXiv:1302.7309
[18] Choun, Y.S., “Generalization of the three-term recurrence formula and its applications.” arXiv:1303.0806.
[19] Choun, Y.S., “The analytic solution for the power series expansion of Heun function,” http://dx.doi.org/10.1016
/j.aop.2013.06.020 Available as arXiv:1303.0830.
[20] Choun, Y.S., “Asymptotic behavior of Heun function and its integral formalism,” arXiv:1303.0876.
[21] Choun, Y.S., “The power series expansion of Mathieu function and its integral formalism,” arXiv:1303.0820.
[22] Choun, Y.S., “Lame equation in the algebraic form,” arXiv:1303.0873.
[23] Choun, Y.S., “Power series and integral forms of Lame equation in Weierstrass’s form,” arXiv:1303.0878.
[24] Choun, Y.S., “The generating functions of Lame equation in Weierstrass’s form,” arXiv:1303.0879.
30
[25] Choun, Y.S., “Analytic solution for grand confluent hypergeometric function,” arXiv:1303.0813.
[26] Choun, Y.S., “The integral formalism and the generating function of grand confluent hypergeometric function,”
arXiv:1303.0819.
31
